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A one-dimensional  model for longitudinal diffusion in a capi l lary  with an immobile layer  is 
derived. 

In the Turner  model for  a porous channel, the useful flow c ros s  section is smal le r  than the total 
c r o s s  section of the sys tem,  since a cyl indrical  liquid layer  at the per iphery  is assumed immobile.  With 
this model it is possible to study impur i ty - t r anspor t  effects in porous media due to the existence of dead-  
end pores ,  whose contents part icipate in the mass  t ransfer .  

The ax i symmet r i c  concentrat ion distr ibution in this sys tem is descr ibed by a t ranspor t  equation 
of the type 
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At the inner surface of the capi l lary there is no flow of mater ia l ,  so that 
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We introduce the concentrat ion averaged over  the entire c r o s s  section 
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and we const ruct  a one-dimensional  model of the diffusion in a flow with velocity profile (2) for this con-  
centration. We proceed as in [2, 3]. We find 
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The effective coefficient K.  in the one-dimensional  diffusion model in the Turner  sys tem,  (4), de-  
pends on the ratio of the useful radius to the total radius. 

This is one of the aspects  which distinguish longitudinal t ranspor t  in a Turner  sys tem from that in 
a capi l lary;  this point is mentioned in [1]. 

A more  fundamental aspect  of the descr ipt ion of impuri ty  t ranspor t  in the Turner  sys tem on the 
basis  of the one-dimensional  model is that the quantity 0 m does not give a complete picture of the d is t r ibu-  
tion of the impuri ty concentrat ion in the system. In this sys tem there are  two regions in which the mass  
t ranspor t  occurs  in different manners .  

The existence of a re tarding layer  leads to m a s s - t r a n s f e r  conditions different f rom those in the inner 
par t  of the flow. F o r  example,  the mixing in the useful c r o s s - s e c t i o n  resul ts  f rom two mechanisms:  con-  
vective t ranspor t ,  with a velocity varying along the radius,  and diffusion. In the fixed layer ,  on the other 
hand, the m a s s  t rans fe r  is due solely to diffusion. 

In each of these regions (in the immobile  layer  and in the flow core) there is a scale time for equali-  
zation of the concentrat ion inhomogeneities over  a t r ansver se  c ros s  section; these t imes can be quite dif-  
ferent  f rom each other.  

In the model  descr ibed by (4), as in the model proposed in [1], there is no p a r a m e t e r  which takes 
mass  t rans fe r  between the immobile layer  and the useful flow c ros s  section into account effectively. 

To introduce such a pa rame te r  into the one-dimensional  model  for longitudinal mixing, we consider  
two average concentrat ions in the immobile layer  and in the useful flow c ross  section. We define these 
concentra t ions ,  Of and 0s, respect ively ,  by 

: - ~ _ a 2  rcd, = - - a  ~ (5) 

a 0 

We are p r imar i ly  interested in determining the lat ter  concentrat ion,  since it is this concentrat ion,  ra ther  
than 0 m, which cor responds  to the mass  distribution at the exit f rom the system. 

It is not difficult to show that the functions Of, 0 s, and 0 m are related linearly: 

p20~ + ( i  - -  p2)O: = 0,~, p = aiR. (6) 

Here 0 m is assumed to be known on the basis of solution of Eq. (4) for  cer ta in  initial and boundary condi-  
tions corresponding to the conditions under which the mass  t rans fe r  occurs .  To find the relationship be-  
tween the unknown functions Of and 0 s,  we assume that the distr ibution of Of reproduces  that of 0s, with 
a cer ta in  time lag T.. More prec ise ly ,  we set 

01 (~, ~) = u (~ - -  %) 0s (~ - -  ~,, ~). (7) 

The time lag 7 ,  is yet  another pa r ame te r  which (along with the effective diffusion coefficient) c o r r e -  
sponds to mass  t ransfer ;  this time lag is introduced in the derivation of the one--dimensional diffusion 
model  for an effective account of mass  t rans fe r  between the immobile layer  and the useful flow c ros s  s e c -  
tion. There  are  two ways to determine the magnitude of this time lag: the f i rs t  is based on an analysis  of 
the corresponding exper imental  data with the help of solutions obtained on the basis of the one-dimensional  
model; the second is based on a more  detailed analysis  of the mass  t ransfer  between the immobile layer  
and the flow and a solution of the three-dimensional  problem descr ibing this mass  t ransfer .  

To i l lustrate  the second method of determining r ,  we consider  the following problem: we assume that 
r f  and -r s are  the scale t imes for  the equalization of the concentrat ion inhomogeneities in the immobile 
layer  and in the useful c r o s s  section, respect ively.  We introduce yet  another scale t ime, r 0, which is the 
time over  which there is an important  change in the concentrat ion 0 s. This scale time is governed by the 
rat io of the length of the mixture region to the average flow velocity. 

We assume the following inequalities among these scale t imes:  

�9 0 ~) ~: 7> xs. (8) 

UndeJ: these conditions the relaxation time over  which the inhomogeneities in the concentrat ion distribution 
in the immobile layer  are  equalized can be found by solving the problem giving an approximation desc r ip -  
tion of the mass  t rans fe r  between the flow and the layer:  
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F r o m  the s o l u t i o n  of th i s  p r o b l e m  we find the r e l a x a t i o n  t i m e  

- - - 2  % = / q  , ~ -1-  , (10) 
2~ 

w h e r e  Xl i s  the m a x i m u m  e i g e n v a l u e  of the S t u r m  - L i o u v i l l e  p r o b l e m  which  a r i s e s  in the so lu t i on  of (9), 

X;; (0 + Z~X~ (,~) = O, X~ (0) = X'~ (0) = O. 

Subs t i t u t i ng  Of f r o m  (7) into (6), 

pa0~ (r, ~) (1 - -  pz) tz (v - -  %)  0,  (~ - -  %, ~) = 0m, ( 1 1 )  

we find an equa t ion  f o r  the funct ion  0 s.  

To s o l v e  Eq. (7), we  use  a L a p l a c e - C a r s o n  t r a n s f o r m a t i o n :  
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w h e r e  

F r o m  (12) we find the t r a n s f o r m  ~2s: 
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We s e e  f r o m  th is  e x p r e s s i o n  tha t  the c o n c e n t r a t i o n  0 s d i f f e r s  f r o m  0 m and that  i t  a p p r o a c h e s  the funct ion 
0m only a s y m p t o t i c a l l y ,  in the  l i m i t  r + oo (p ~ 0). 

We w r i t e  the s e c o n d  f a c t o r  on the r i g h t  s i de  a s  a s e r i e s  in p o w e r s  of ~ e x p  ( - r . p ) ,  ~ < 1: 

~ . =  1 : 7  I) , '~" ( -  
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U s i n g  the r e t a r d a t i o n  t h e o r e m  to d e t e r m i n e  the i n v e r s e  t r a n s f o r m ,  we find tha t  
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(Ls) 

This  a n a l y s i s  should  be thought  of a s  an e x a m p l e  of  c o n s t r u c t i n g  a m o d e l  fo r  l ong i tud ina l  t r a n s p o r t  
in  w h i c h  t h e r e  i s  a p a r a m e t e r  o t h e r  than the d i f fu s ion  c o e f f i c i e n t :  the t i m e  lag.  The  t i m e  l ag  e f f e c t i v e l y  
i n c o r p o r a t e s  the f e a t u r e s  of the  m a s s  t r a n s f e r  n e a r  the i n n e r  s u r f a c e  of  the tube.  

In the T u r n e r  m o d e l  the  c a p i l l a r i e s  have  s t a g n a t i o n  zones ;  in f low th rough  a c a p i l l a r y  wi thout  s t a g n a -  
t ion  z o n e s ,  the  f low v e l o c i t y  n e a r  the i n n e r  s u r f a c e  i s  n e v e r t h e l e s s  much  s m a l l e r  than tha t  n e a r  the ax i s .  
A s i m i l a r  c i r c u m s t a n c e  was  noted by  T a y l o r ,  who a s s u m e d  tha t  long " t a i l s "  a r e  f o r m e d  n e a r  the i n n e r  
s u r f a c e  a s  a r e s u l t  of  s low e r o s i o n  of  i m p u r i t i e s  [4]. 

The  m e t h o d  ou t l i ned  above  f o r  c o n s t r u c t i n g  a m o d e l  wi th  two p a r a m e t e r s  - the d i f fus ion  c o e f f i c i e n t  
and the t i m e  l ag  - can  be  ex tended  to th i s  c a s e .  

N O T A  T I O N  

e i s  the l o c a l  i m p u r i t y  c o n c e n t r a t i o n ;  

0 m i s  the c o n c e n t r a t i o n  a v e r a g e d  o v e r  the e n t i r e  c r o s s  s e c t i o n  of  the s y s t e m ;  
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is the concentrat ion averaged over  the useful c ro s s  section; 
is the average concentrat ion in the immobile layer;  
is the velocity profile;  
xs the average  velocity; 
,s the molecular  diffusion coefficient; 
~s the t rans form of the function 6; 
is the unit step function; 
is the effective diffusion coefficient; 

is the dimensionless  complex; 
is the Bessel  function of the f i r s t  kind; 
is the positive root of the equation J1 (kn) = 0; 
is the radius of the useful c r o s s  section; 
is the radius of the system; 

is the dimensionless  time; 
are  the scale t imes;  
are  the spatial variables;" 
is the dimensionless  distance y / R  from the boundary of the fixed layer.  
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